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Instruction for candidates

1. Question No. 1 is compulsory. Attempt any 3 out of the remaining-5 questions.
2. All questions carry equal marks (18.75).
3. In the question paper, given notations have their usual meaning unless until stated otherwise.

Also, if not mentioned specifically, R, R?, |, or, any subset of R etc. will be assumed to be
endowed with the usual/standard metric.

1 (a) State whether True or False. Justify your answer in brief.

i dxvy)= \/W andg&&/) = (Xx=y)?both define metricson R .
(i) A function with d@e metric space as its domain is continuous.

(iii) Qu{2'*}isHensein R

(iv) Not every subset.of a metric space is a metric subspace.

(v) A compact metric space is a complete metric space, but a complete metric space may
not be compact metric space.

(vi) The set [—1,0]u{1,%,%,...,1,...}is compactin R. 2x6=12
n

(b) (i) Consider a metric space (X, d) and a 1-1 function f : X — R. Then verify whether the
following defines a metric on X: d"(x, y) =d(x, y)+|f () - f(y)|, x, ye X . 3

(i)  Show that the set {x € Q:x €[0,1]} is closed in (Q,d,). 1.75
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(iii) Let A:{(x, y)e]R2:y:sin(%j,0<x31}.Write Ain (R?,d,). 2

(i)  Prove that in a metric space (X, d) a sequence < x,> is convergent and converges to a
point x in X if and only if the sequence <d (x, , X)> convergesto 0in R . 2

(i)  Show that the sequence < x,>, where x, =<1, 1/2, 1/3, ... ,1/n, 0, 0, ...> converges to
x=<1,1/2,1/3, ... ,1/n,...> in l,-space. 2

(iii)  Write the boundary of the set A=(0,1)u{2}in R. 1

(i)  Consider the subspace X =1wJof R, where | =]0, and J =[4,7[. Show that
d(sup, I,1)>0. 2.75

(ii)  Show that every non-empty set is a bounded metric space. 2

(iii) Consider R endowed with discrete metric. Show that every singleton in it is both open
and closed ball of radius less than 1. 2

(i)  Show that A = {<x,> | x, =0 or 1} is a metric subspace of |, -space. What is the
induced metric on A? 3

(i)  Give an example of a sequence in the I.; -space which is co-ordinate wise convergent but
not convergent in |,.. 4

Let (X,,d,) and (Xz,d@e metric'spaces. Let f: X; — X, be a continuous function.

Define a metric d on X s‘s'i%d(a, b).=d,(a,b) + d,(f(a), f(b)). Show that d is equivalent
to d,. Moreover, pr(@%at f (X, d;) > (X,,d,) is uniformly continuous. 4+2
\Q‘G
LetX = Cg . 'Consider the metrics d and p defined on C[0, 1] by
d(f,g) = sup {|f (x) — g(x)|:x € [0,1]};
pf.g) = [ If(x) — g(x)|dx

Is the identity map i:(X, d) — (X, p) a homeomorphism? Justify your answer. 5

Suppose f (x,¥) is a continuous real valued function of the two real variables x and y. Prove
that the curve in the Euclidean plane whose equation is f (x,y) = 0 is a closed set.
Is A= {(x,y) € R%:y = x?} an open set? Justify your answer. 2+1

Is (]RZ, d) isometricto (C, e), where d and e are standard metrics. Justify your answer. 3

LetA = {% N E N} C R. Find d(E) when (i) d is usual metric on R (ii) d is discrete metric
on R. 1.75

Let (X, d) be any metric space. Does there exist a bounded metric on X which is
equivalent to d? Justify your answer. 1+3

Suppose f and g be real-valued functions on a metric space (X, d). Let
A={x€ X:f(x) <g(x)}and B = {x € X:f(x) # 0}
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5.

6.

Is A open? Is B open? Justify your answer. 3+2

(c) Letf:R — Rbedefinedas f(x) = 1/(1+ x?). Is f continuous? Suppose A € R is a
compact subset of R. Is fﬁl(A) also compact? Give justification for your answer. 1+2

(d) LetX =[1,5] U [9,12]endowed with usual metric inherited from R. Is S(10,5) =

S(10,5)? Justify your answer. 3
(e) Define f:[0,1) U [2,3] = [0,2] by
(x , x€][0,1)
f) _{4—x , x €[2,3]
Is f continuous? Is f bijective? Is f_1 continuous? Justify your answer. 1+1+1.75

Give suitable justification to your answer.

(@)  Give an example of each of the following: A function defined as f : R — R having

(i) no fixed point; (ii) having only 1 fixed point. 2
() 1s f:([0,1],d,) — ([0,1],d,) defined by f (x)= x*a contraction map? 2
(c) Give an example of an open set in R which-is complete but not connected. 2
(d) Give an example of a mq@@paee where singletons are the only connected sets. 2
() Showthatin R, t tinuous.image of an interval is an interval. 3

N

() Canwe ha untably infinite connected set in R? 2
(@@ Canwe have an uncountable set in R which is not connected? 2

(h)y Let f:(X,d,)-=>(Y,d,)beacontinuous, 1-1 and onto map, where (X,d, ) isa
compact metric space. Let A Y be connected. Then what can be said about the
connectedness of f '(A)? 2

(i)  Comment upon the connectedness of the set S ={(x, y) e R* : xy =1}. 1.75

Give suitable justification to your answer.

(@ Let X =R\{0}. Show that there exists a continuous map f defined on X such that

1, xe(—x,0

f(x)= ( ) 4
0, xe(0,).

(b)  Can the closure of a connected set be disconnected? 2
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(c) Give an example of a metric space whose diameter is finite, but it is not compact. 2

(d)  Give an example of a countable infinite set which is not compact, but its closure is
compact. 2

(e)  Give an example to justify that the continuous image of a bounded set need not be
compact. 2

()  Give an example of a collection of closed sets whose union is closed but not compact. 2

() Letf:(X,d,)—(Y,d,)beacontinuous functions and A be a closed and bounded
subset of X. Then what can be said about the compactness of f (A)? 2

(h)  An arbitrary intersection of compact sets is compact? 2.75
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